CAUCHY PROBLEM FOR DISSIPATIVE HOLDER SOLUTIONS TO THE 
INCOMPRESSIBLE EULER EQUATIONS 
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Abstract. We consider solutions to the Cauchy problem for the incompressible Eulcr equations on the 
3-dimensional torus which are continuous or Holder continuous for any exponent 9 < j^. Using the 
techniques introduced in IDLS12I and IDLS12H] . we prove the existence of infinitely many (Holder) con- 
tinuous initial vector fields starting from which there exist infinitely many (Holder) continuous solutions 
with preassigned total kinetic energy. 
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1. Introduction 

In this paper we deal with continuous and Holder solutions of the Cauchy problem for the Euler 
equations on the 3-dimensional torus T'^ = §^ x x §^ 

dtv + div {v(g}v)+Wp = Q in x (0, 1) 

divi; = inT3x(0,l) (1.1) 

v{-,0)=vo inT^ 

A pair {v,p) € C°(T^ x [0, 1];R^ x M) is a continuous solution of pTTj) with initial datum vq S C(T^;M^) 
if it satisfies (jl.ip in the weak distributional sense. Equivalcntly, on all simply connected subdomains 
[/ C with boundary and for all t G (0, 1) 
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Vo{x) dx ~ / v{x^t)dx+ / / [v{v ■ ly) + piy]{x, s) dS{x)ds, 
u Ju Jo Jdu 

V ■ v]{x, t) dS{x) = 0, 

dU 

being v the outer unit normal to dU and dS the surface measure on dU. 

Moreover, a continuous solution to is an Holder solution with exponent S (0, 1) if 3 C > s.t. 

\v{x,t)-v{x',t)\<C\x-'x'\'', Va;,a;' e T^ e [0,1]. (1.2) 

Given a nonnegative continuous function e : [0, 1] M, we say that w : x [0, 1] x R'^ has total kinetic 
energy e if 

/ \v{x,t)\^ dx = e{t), Vte[0,l]. 

It is known since the '20s (see |Gun26j |Lic25| ]) that, if vq is sufficiently smooth, then there exists a 
unique classical solution of (jl.ip on a time interval [0,T], T = T(sup{|?;o(a;)| : x e T"^}) > (for a 
modern result assuming vq E H'^{T^) with s > 2, see e.g. |BM02| '). Moreover, its total kinetic energy is 
constant. 

However, in 1949 Onsager first conjectured the existence of weak solutions which are dissipative, 
namely whose total kinetic energy is monotone decreasing. This phenomenon, that in fluid dynamics 
literature is called "anomalous dissipation" , is consistent with the energy inequalities satisfied by weak 
limits of Leray solutions of the Navier-Stokes equations. In jOns49j Onsager stated more precisely that 
C°'^-solutions are conservative when 6* > i, while there exist dissipative C°'^ solutions for any 6* < i. 
By 0°^" solutions we mean vector fields v € C°{T^ x [0, 1];R^) satisf ying ^LT^ . 

The first part of the conjecture was completely settled by Eynik |Eyi94| and by Constantine, E and 
Titi jCET94| . 

The second part is, in its full generality, still open. The first example of weak solution violating the 
energy conservation was given by Scheffer jSch93| . who showed the existence of a nontrivial compactly 
supported weak solution in X M. A different example of nontrivial compactly supported weak solution 
in X R was then given by Shnirelman in |Shn97| . In both cases the solutions are only square summable 
and it is not clear whether there are time intervals in which their total kinetic energy is monotone 
decreasing. The first proof of existence of solutions with monotone decreasing total kinetic energy was 
given by Shnirelman in |ShnOOj . This solution belongs to the energy space L°^{[0, +oo); L^(R^)). 

In |DLS07| , De Lellis and Szekelyhidi proved the existence of nontrivial compactly supported bounded 
weak solutions in any space dimension. Moreover, such solutions can attain a prescribed total kinetic 
energy for almost every time t G [0, +oo). The full control of the total kinetic energy for all times was 
finally achieved in [DLSlOj . in which they could prove the existence of compactly supported solutions 
iv,p) e L°°(M'' X [0,+cx3);R'^ x R) with v e C{[0, +oo)- L^{R'^;R'^)) and 

\v\^{t) = e{t), Vie[0,+oo), 

being e : [0,r] — > M any positive continuous function given a priori. In particular, setting vq = Vnnv{t) in 

the norm, (v,p) is a bounded weak solution of the Cauchy problem (|l.ip with prescribed total kinetic 
energy e. As a corollary, choosing e to be a monotone decreasing function, they obtain the existence 
of bounded dissipative solutions in all dimensions, thus extending Shnirelman's result |ShnOOj . Given a 
suitable initial datum vq for which such solution exists, De Lellis and Szekelyhidi's method provides for an 
infinite set of solutions with the same total kinetic energy. Hence, on the one hand, it turns out that none 
of the admissibility criteria based on energy inequalities which have been proposed for the Euler equations 
is able to single out a unique solution for arbitrary L°° initial data (see also jBTlOj for explicit examples 
of weak solutions of (|l.ip having constant total kinetic energy). On the other hand, by the local 
existence and uniqueness of classical solutions and the weak-strong uniqueness of the so-called admissible 
measure-valued solutions of (jl.ip proved in |BDLSll| -including all dissipative weak solutions- the 
vector fields vq for which one has such severe loss of uniqueness can not be too regular. These initial data 
-which in |DLS10j are called wild initial data- are nonetheless proved to be a dense set in the space of 
divergence free vector fields |SzW12j and they include also the classical vortex sheet (see [Szllj V 
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In !DLS12| and |DLS12Hj De Lellis and Szekelyhidi developed their method up to prove the existence 
of respectively continuous and C"'^, with 6 < j^, solutions having prescribed total kinetic energy on 
the 3-dimensional torus. In jChDLSf2| the results of |DLS12| are extended to the 2-diniensional case. 
Recently, Isett jlsel2j did one step forward towards the proof of Onsager's conjecture, constructing global 
weak solutions to the 3-diniensional incompressible Euler equations which are zero outside of a finite 
time interval and have velocity in the Holder class C°'^ for every 9 < ^. In |BuDLSl"3] the authors 
have considerably simplified the proof of |BuDLS13] . though taking advantage of its main new ideas, and 
showed the existence of C^'^ solutions whose total kinetic energy is dissipated for any < ^. 

The aim of this paper is to extend the results of |DLS10j showing that the set of initial data for which 
one can get infinitely many Holder solutions which dissipate the total kinetic energy, is an infinite subset 
of C'''^(T'^; M^), for 9 smaller than a suitable constant. Using the estimates provided in [DLST2H], we 
get such result for any exponent 9 < j^, but we believe that the ideas of our method, when implemented 
with finer estimates (see e.g. |Isel2j and [BuDLSTS]), can raise the threshold of non- uniqueness for the 
Cauchy problem up to the same exponent as for the incompressible Euler equations with no preassigned 
initial data. 

Theorem 1.1. Let e : [0, 1] — > M 6e a positive smooth function. Then, for any 9 < there exist infinitely 
many vq € C'^'^(T'^; R'^) satisfying e(0) = /^a \vo\'^ and each being the initial datum of infinitely many 
{v,p) <E C"{T^ X [0, 1];M^ X M) solving drj) and satisfying 

\v{x,t)~v{x',t)\ < C\x~x'f, yx,x' eT^,te [0,T] 
I \v{x,t)f dx = e{t), Vie[o,r]. 

In particular, for the same reasons as in the case of dissipativc L°° weak solutions, whenever e in 
nonincreasing then the initial data vq for which Theorem 11.11 holds cannot be too regular. 

The underlying ideas of the method used in the proof of Theorem ll.il are the ones introduced in |DLS07| 
and used as well in |DLS10| . |DLS12j and |DLS12H] . Besides considerably improving the previous results, 
the approach introduced by De Lellis and Szekelyhidi was new in this field and revealed unexpected con- 
nections between non-uniqueness phenomena appearing in some geometric problems -named by Gromov 
instances of the h-principle [Gro86| - and non-uniqueness in PDE problems. In particular, the Onsager's 
conjecture has striking similarities with the rigidity and flexibility properties of isometric embeddings of 
Ricmannian manifolds, first explored in the celebrated works of Nash |Nash54] and Kuiper |Kui55j (on 
this topic see jCDLS12| and the survey |DLS11| ). 

As in Nash and Kuiper's papers, the solutions of the Euler equations are generated by an iteration 
scheme. The iteration starts with a "subsolution" to the problem, that in [DLS12| and [DLS12H] is given 
by a solution of a perturbation of the Euler system (called Eulcr-Reynolds system) satisfying a suitable 
strict energy inequality w.r.t. a prescribed total kinetic energy e. The definition of subsolution is s.t. a 
solution of the Euler-Reynolds system whose perturbation term -which is called Reynolds stress tensor- 
is identically zero and for which the energy inequality holds as an equality is a solution of the Euler 
equations with total kinetic energy e. Then, at each step of the iteration one finds a new subsolution, 
by adding to the given velocity field a suitable fast oscillating perturbation plus a small corrector term 
that makes the new velocity field satisfy the Euler-Reynolds system. Moreover, the type of perturbation 
is s.t., if the oscillation parameters are large enough, then both the new velocity field and the pressure 
are arbitrarily close in C° to the previous ones and both the C° norm of the new Reynolds stress and 
the gap in the new energy inequality can be made arbitrarily small. If the oscillation parameters are 
chosen big enough, then the sequence of subsolutions converge in C° to a solution of the Euler system 
with total kinetic energy e. In |DLS12H| the authors are also able to control in the iteration process the 
growth of the norms in such a way to get, by interpolation, that the limiting vector field belongs to 
C'^'^ for a fixed 9 < j^. The building blocks of the main perturbation term are Beltrami fiows, a special 
class of stationary oscillatory solutions to the Euler equations, and the initial subsolution used to start 
the iteration is the trivial one. 

In our paper we use the same type of iteration scheme and estimates but modifying the notion of 
subsolution in order to include the information on the initial datum / |w(0)p = e(0) (see Definition 16. 2|) 
and modifying as well the perturbations so as to leave the initial datum unchanged during the iteration 
procedure. This is done multiplying the perturbed Beltrami flows and their correction terms by suitable 
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time dependent cut-off functions (see Section 0]). Witli tlie same "time- localization" trick, i.e. using 
the same type of iterative perturbation scheme but different cut-off functions, we also prove that there 
exist infinitely many nontrivial subsolutions (see ProDOsition l6 . 1 p . hence infinitely many "non- uniqueness 
initial data" -that we call admissible initial data- as in Theorem 11.11 The fact that the solutions and 
subsolutions so obtained are infinitely many is a consequence of this general iterative perturbation scheme. 

In Section [5] we deal with continuous solutions of (|l.ip , namely no Holder regularity is required. In 
this particular case we are able to provide, for the proof of Thcorcm ll.il a notion of subsolution which is 
much less rigid than in the Holder case. Since during the iteration procedure it is not necessary to keep 
under precise control the rate of growth of the norms, the strict energy inequality that we require 
in this case is less restrictive than in |DLS12| and |DLS12H] . Our notion of subsolution in this case is 
analogous, apart from the information on the initial data, to the one introduced in jChol2j . 

For other non-uniqueness results in other partial differential equations obtained along the ideas first 
introduced in |DLS07| see e.g. |Chil2j . |CFGllj . jShvllj . [SiTT] and the survey [DLSllj . Another 
application of these methods is to the existence of global weak solutions of the Euler equations with 
bounded energy, though discontinuous at t ~ 0, proved in |Wiell) . 

1.1. Structure of the paper. In Section [5] we introduce the Euler-Reynolds system (j2.ip and state 
Proposition 12.21 which is the building block of the generic iteration step in the proof of Theorem 11.11 
Given a solution of the Euler-Reynolds system satisfying suitable conditions on the gap between its total 
kinetic energy and a given positive function e and moreover on the C'^ norm of its Reynolds stress, 
one can perturb it on an arbitrary time subinterval thus getting another solution of the Euler-Reynolds 
system with a smaller energy gap and norm of the Reynolds stress tensor. The localization in time 
is represented by the multiplication of the perturbation by a smooth function ip with values in [0,1]. 
Moreover, the velocity and pressure fields of the new solution are arbirtrarily close in C° to the previous 
ones, with closeness parameters of the same order of the ones for the energy gap. In the mean time, 
also the growth of the norms of both the velocity and the Reynolds stress tensor can be controlled 
by suitable powers of the C^-norms of the previous ones, of the C° closeness parameters and of the 
norm of ip. In Corollarv l2.3l we show that imposing suitable bounds for the derivatives of tp we can make 
all the estimates just dependent on the support of and not on its values, thus justifying the idea of a 
localized perturbation. 

In Section [3] we recall some definitions and analytic estimates from |DLS12j and |DLS12H] which are 
preliminary to the proof of Proposition [521 

In Section m we define the perturbed solutions of the Euler-Reynolds system as in Proposition [^21 and 
in Section [Ql we prove the related C°, and energy estimates. 

In Section [5] we define and prove the existence of infinitely many admissible initial data, namely 
of Holder continuous vector fields starting from which there exist infinitely many Holder admissible 
subsolutions (sec Definition 16.21 

Section[7]contains the proof of the main Thcorcm ll.il More precisely, we prove that for any admissible 
subsolution w.r.t. a given total kinetic energy e there exist infinitely many solutions of (jl.ip with the 
same initial datum and total kinetic energy e. 

Section IS] gives another proof of Theorem 11.11 for continuous solutions of 11.11 In this case, though the 
basic ideas of the construction are the same, the estimates are simpler since we do not need to control 
in a quantitative way the growth of the norms. Moreover, it is worth noticing that the concept of 
admissible subsolution (see Definition 18. ip is much more fiexibile than in the Holder case (see Definition 
16. 2p . since for example it does not require such a rigid relation between the elements of the sequence of 

-closeness parameters {5„}. 

Acknowledgments 

The author warmly thanks Camillo De Lcllis for having proposed the problem and for fruitful discus- 
sions. 

1.2. Notation. If / : x [01,02] M.'^ is continuous, then for ah t e [01,03] define f{t) : R'^ 
as f{t){x) = f{x,t) and ||/(t)||o ~ sup |/(a;, When clear from the context we will omit writing 
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the time variable and set /, ||/||o instead of f{t), ||/(i)||o- Thus, the symbol j|/j| will denote also the 
time-depending map giving the supremmTi norms w.r.t. the spatial variables [01,02] 9 1 1— > ||/(t)||o G 

Analogously, for every r g N we denote by the time-dependent C norm of /, and for any r > 
which is not an integer its Holder C^^'^'^~^^'^ norm. The spatial Holder r-seminorms of / will be denoted 
by [f]r- We also set, for r eN 

Ill/Ill, := snp\D^ J{y,t)\, V<e [01,02], 
where are the mixed derivates of order r in t, a; and 



II /lie sup 

tG [01,02] 

||/|(co:= sup ll/llo, 
te [01,02] 

||/||c° sup 
te[oi,02] 

In the same way, with Jja f or simply J / we will denote the time-dependent map [01,02] 3 t 
Jrj.3 f{x,t)dx, being dx the Lebesgue measure on T'^ with dx = {2tt)^. 

For A C S^, int A denotes its interior in the relative topology induced by R"^ on S^. A set ^ C M'* is 
symmetric if A = —A. 

We let S^^'^ be the space of symmetric matrices acting on W^, S'^'^ the subset of those wich are 
positive definite and Sq^^ the symmetric matrices with trace 0. We also define 

M3 := |ld-6®6: beS^j 

and the open set 

rn 

Ms ■■= int|^a,M, : a, > 0, M, e M3, m e n|. 

4=1 

Recall the following characterization of A^3 from [Chol2j 

trR 

ReMs ^ -f^ld- ReSl""^. (1.3) 

By (jl.3p or by Lemma 3.2 of |DLS12| we have that 

3ro > s.t. Br„{ld) C M3. (1.4) 

2. IVlAIN PERTURBATION STEP 

Definition 2.1. Let {v,p,R) G C^{T^ x (01,02); x R x So""^). They solve the Euler- Reynolds system 
if they satisfy 

{dfV + div {v <Siv) + Vp ~ div R 
div V — 

on T'^ X (01,02). The trace free matrix field R is called Reynolds stress tensor. 

Proposition 2.2. Let e e C°°([ai, 02]; R^). Then Brj, M > depending on e such that the following 
holds. Let {v,p,R) <E C^T^ x [ai,a2];R^ x R x S^""^) be a solution of ^J^, 0</3<i,0<(5 = {S')i = 
(5") 3 < 1 and (p,(f) £ C°°( [01,02]; [0, 1]) such that, setting 

S := (f'd' + (1 - 02)^" (2.2) 

5* := ip^5 + {I - ip^)°5 (2.3) 

then 



T3 

2 



< ^S*e, (2.4) 



\\R-{l-^')R'\\o<XW>o}VS, ||i?'||o<^'5 (2.5) 
Vt e [01,02], for some R' e C^{T^ x [oi, 02]; 5^^""^). 
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Let5< min|i<5,(5i}, Q < e < I, C > I, e C°°([ai, 03]; [0,1]). 

Then 30 < £ < ^^^^ and {vi,pi,Ri) G C^{T^ x [ai +£,02 
and satisfies, for all t £ [ai + i, 02 — £]: 

Ri = {l- i'^)R + iiRi.i + 7/''4,2 

Pl=P + V'Po 

together with the following estimates 

Iwil^- U2^e + (l-7/'')(e 
T3 L V 



■u;/iic/i solves (P?T]) 

(2.6) 
(2.7) 
(2.8) 



T3 



\vi - v\\o < i'MVS* 

11^1 — w|||i < tpAiS^ 
\pi-p\\o<^MH* 
\^Ri,i\\o<i^l~S 



c 



'C2 



w/iere Ai = j4i(£, e, ||w||co) and 



I?:=max{l,||i>||ci,||A||ci}- 
Corollary 2.3. Let us assume that < £ < ^ and the cut-off function -0 of Proposition 



IV^'I < C(<5')-'^ |V^"|<C2(<5') 



Then, 



\\\vi - v\\\i < X{v,>o}^i^= 
\\Ri-{l-^^)R\\o<X{^>o}VS 



^ 27 9 ^ 



\Ri-il^^')R\\\i<X{4,>o}Ai6^j- 



(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 

(2.15) 
(2.16) 

(2.17) 

satisfies 
(2.18) 

(2.19) 
(2.20) 
(2.21) 



// moreover tp = 1 (or equivalently S* = 6) one can replace (|2.19p with the better estimate 

\\\vi ~ v\\U < X{i,>o}AiSi i^^y^' (2.22) 

Remark 2.4. Notice that if both (p — ip = 1, then the statements of Proposition 12.21 are the same as in 
Proposition 2.2 of |DLS12H| . 

3. Preliminary geometric and analytic facts 

We define now the hnear space of stationary sokitions of the Euler equations which will be used to 
construct the main perturbations to the subsolutions of the Euler equations, namely the so called Beltrami 
flows. We recall the following Proposition from [DLS12] . 

Proposition 3.1. Let Aq > 1 and let Ak G K'^ s.t. 

Ak-k = Q, \Ak\ = l, A^k = Ak, 

for fc € with \k\ = Aq. Let 

Bk 



k 



Ak + iYn®Ak. 
\k\ 
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Then, for any G C such that a_fe = ak the vector field 

W{0 = E a^Bke^''^ (3.1) 

|fc|=Ao 

is real valued as well as its tensor product W <SiW and it satisfies 

divW = 0, div{W ®W) = v(^^^^y 



/ 



|fc|=Ao 

The following geometric Lemma is a refinement made in |Chol2| of Lemma 3.2 of |DLS12H] . 

Lemma 3.2. Let N > 1 and Af an open set s.t. M C M^. Then, there exists Aq > 1, pairwise disjoint 
and symmetric sets 

AjC{fceZ3: |fc| = Ao}, j-1,...,^ 

and positive smooth functions 

i^^&C°°{Af), k&A,,j = l,...,N 

such that "^^^'^ — '"^'^ 

E(7l^^(^))'(w-^«^), Vi?eAA,, = i,...,iV. 

kehj ' ' ' ' 

While constructing the perturbations one also needs (as in Section 4.1 of [DLS12j ) to introduce suitable 
partitions of unity on R"^ in order to discretize the space of velocities. These partitions of unity depend on 
a integer parameter which, roughly speaking, as it increases improves the accuracy of the discretization. 

Let Cj, j = 1,...,8 be the equivalence classes of 1? w.r.t. the equivalence relation I — I' G (2Z)'^, 
and let {ak}kez^ C C°°{M.^; [0, 1]) be a smooth partition of unity of M.^ -namely, X)fc('^fe(^))^ = ^~ ^-t. 
suppofe C inti3i(A:). For /i G N, fc G Z^^ and j = 1, . . . ,8 define then the functions 



liv, t) := E aiifiv)e-''Tr^ , veR^re [0, +oo). 



We report in the following proposition the derivative estimates on the functions = 4>^^\v,t) given 
in Proposition 4.2 of |DLS12H] . where v is considered as an independent variable in M"^. Let us first 
introduce the seminorms 

[■]m,R ~ [■]c^{BH.{0)x[ai+e,a2-e])- 

Proposition 3.3. There are constants C depending only on m Cz N such that the following estimates 
hold 

l^iUn + R-'[dr^^£,UR + R-'[d'J£^Un < (3.2) 

[dr^^^l+t{k-v)cb^^lUn<Cf,^^-' (3.3) 



R~^[dr{dr^['l + i{k ■ v)4'i)UR < (3.4) 



Then we recall the elliptic operators which are used in |DLS12| and [DLS12H] to define the corrector 
terms to the main perturbations of a given subsolution. 

Definition 3.4 (Leray projector). For any v e C°°(T3;R3)^ get 



where (f> £ C°°{T'^) is the solution to V0 = divw in T'^ with j-.^^ = 0. We denote by P = Id — Q the 
Leray projector onto divergence-free vector fields with zero average. 
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Definition 3.5 (The operator 7^). For any v € C°°(T3;]R3) define Uv G C°°{T^]S^''^) as 

TZv = ^(\/Vu+ (\/Vuf^ + ^(Vu+ (Vm)^) - i(divw)Id, 

where u £ C°°{T^;R^) is the solution to 

Au = -r V, ■r u = 0. 

By the foUowing lemma, the operator TZ acts on divergence free vector fields as an inverse of the 
divergence operator. 

Lemma 3.6 f |DLS12j . Lemma 4.3). For any v e C°°(T3;K3), TZv e S^""^ and divTZv = w - /.j,., v. 

Finally, we state the following simple Lemma, which will be used in the proof of the main perturbation 
step (Proposition 12.21) . 

Lemma 3.7. Let a,b £ (0, 1], a < b. Then, the function 5 : [0, 1] — > M given by 

_ sa+ (1 - s^)b 
^ s^a + {l-s^)b 

satisfies the bounds 

i<g(s)< 4. 

Proof. One can easily check that g > 1 = g{0) = .g(l) and that max g is attained at the point /(a, b) := 



and is given by 



5(/(a,6)) = l + 



2Vbiy/E+Vb)' 



Finally, maxg(/(a, 6)) = .g(/(&, b)) = |. □ 

a<b 

We now recall some preliminary Holder and Schauder estimates from |DLS12H] . As in |DLS12H) 
we will denote the constants which appear in the estimates with the letter C, eventually adding some 
subscripts according to the following rules. 

• C without subscripts denote universal constants; 

• C'h denote constants appearing in standard Holder inequalities in spaces C". The dependence on 
r is omitted, since r > will be fixed, even though quite large, at the end of the construction; 

• Ce are constants which depend on the upper and lower bounds for e; 

• Cy constants which may depend not only on the upper and lower bounds for e but also on the 
supremum norm of u, i.e. Hwljc-o; 

• Cs, Ce,s, Cv.s are constants involved in Schauder estimates for C""+"-norms of elliptic operators, 
which usually degenerate as a tends to or 1. The ones denoted by Ce.s, C^^s depend also 
respectively on the upper and lower bounds for e and on |jw|jci- 

The above constants might also depend on e or but never on /x. A, -0, (j), Lp, S, 6, 5' , S" and D. 
We recall from jDLS12j the following elliptic estimates for the operators defined in 13.41 and 13.51 

Proposition 3.8 (Schauder estimates). For any a G (0, 1) and any 771 G N there exists a constant Cs 
such that 

m-\-a — m+ct 7 

||^?^||m+Q < Cs\\v\\,n+a; 
WR-vWm+l+a < Cs\\v\\jn+a; 

\\TZ{divA)\\ 

m-\-a 

<Cs\\A\\ (3.5) 
II^S(divA)|| <Cs\\A\\ 
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When the above operators are apphed to the product of smooth vector fields and highly oscillating 
trigonometric functions we get the following estimates (see Propositions 5.2 in jDLS12| and 4.4. in 
IDLS12H0 

Proposition 3.9. Let k \ {0} and A > 1. Then, for any a G C°°{T^) and m E N we have 



a{x)e'^-^dx <1^. (3.6) 



For any F G C°°(T3;M3)^ F{x)e'^''-'-\ Then we have 

mF,)\U < ^ll^^llo + ^[FU + ^[FU+c, 
\\nQ{F,)\U <^\\F\\o + ^[FU + §^[F],n+a. 

4. Construction of the maps wi, pi and Ri 

As in |DLS12| and |DLS12H| . the idea to construct vi is to perturb v with a fast oscillating time- 
dependent "patching" of Beltrami flows Wo and then adding a smaller perturbation term Wc so that 
wi = Wo + Wc satisfies the divergence free constraint. However, in this case both perturbations are 
multiplied by the cut-off function tp. Also the perturbation terms of the pressure will be modified 
accordingly, and the Reynolds stress tensor Ri will be defined as in jDLS12H] using the elliptic "7?, 
operator" (see Definition 13. 5p . 

Given {v,p, R), (p, (j), 5, 6' , 5" as in Proposition [521 we fix e, tp, C, £ as in the main statement, with 
£ satisfying also 

D£<i]5. (4.i) 
The perturbations will also depend on two parameters A, ^ s.t. 

A, ^, - e N. (4.2) 
M 

In order to simplify calculations, we assume from now onwards the following inequalities, which will be 
consistent with the choice of parameters we make in Section [53] to get the estimates of ProDOsition l2.2l 

^>(5*)-i>l, A> max|(/^i:')i+",r(i+'^)|, (4.3) 

where 

(4.4) 



2 + e 

4.1. Mollifications. Let x e C°°(K'^ x R) be a nonnegative radial kernel supported in [—1, 1]"' and define 



1 /.T t 



vi{x,t) = v{x ~ y,t - s)xi{y,s)dyds, 

iT3x[-ia] 



Re{t,x)= R{x~y,t- s)xi{y,s)dyds. 

Notice that V£ and J?f arc well defined on x [ai +£, 02 — ^']. That is why we require £ < "^""^ . Moreover 

\\ve~v\\a + \\Re~ R\\o<CD£, (4.5) 
\\\ve\\\r + \\\Ri\\\r <C{r)D£^-\ r > 1, (4.6) 

for all t £ [ai+ £, a2 ~ £]■ 

As a consequence, since — li^^l < \v — vi\^ + 2\v — vi\\v\ and (|4.ip holds 

/ \\vi\'^ -\v\'^\<C{D£f +CD£^ 

<Ct]~5{ max e{sfl'^ + l). (4.7) 

[ai ,02] 
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4.2. Construction of vi. We define vi adding to v two perturbations as in |DLS12j and |DLS12H] . but 
localized by the cut-ofF function ?/', namely 

vi ^ V + i'Wo + ^pWc, (4.8) 

with Wo and Wc defined as in Section 3 of |DLS12H] . Then we set 

wi :— Wo + Wc- 

The main perturbation term is Wo, while Wc is a corrector term that makes vi divergence free and it 
is given by 

Wc = -Qwo, (4.9) 
where Q = Id — V and V is the Leray projection operator as in Definition [ 



4.2.1. Construction ofwo- Define, for {x,t) e T'^ x [ai +£,a2 ~ f] 

Peit) = 5(^(e(i)(l - ^) - ^) ' 

Ri{x,t) = pi{t)ld~ Re{x,t). 

Provided S J\f, with Af satisfying the assumptions of Lemma 13.21 the main perturbation Wo on 
X [oi + £,a2 — i] can be defined as 

Woix, t) := Wo{x, t, Xt, Xx) (4.10) 

where 

j=l fcsAj ' 

"T^ifli ^^'^ defined in Section [3] and Bk G are unit vectors satisfying the assumptions of Proposition 

EH 

Lemma 4.1. If rj < ri{e), then e Brg{ld), with tq satisfying (|1.4p . 
Proo/. By (E^, g3]) and 



^-Id 
Pi 



Ri ^ CDi+\\R\\o 
pe ~ min pi 

^ C?7^ + X{v>o}VS + (1 - v?^)?7J 



mm 

[ai+i,a2~ 



mm p£ 

[ai+e,a2-e] 



Since 5 < ^(5* 



«'"^5(^{<'4)-X.i'i'-X.ii"'i'-i"i=i} 

3(27r)3lV2 2/ [ai+f,a2-f] J 

and since /? < 5, if ?7 = ?7(e) is sufficiently small we get the lower bound 

«(«) > ^li' (4.11) 
for some constant C > 0. Hence, provided < qj^^jtq, the lemma is proved. □ 









1 kP-kP 
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Finally notice that, analogously to (|4.1ip . can be estimated from above as 

Pe<e 

< d*e + —S*e + Ct]S[1 + max^/e) 
2 [01,02] 

5 

< -S*e + Ct]S{1 + max y/e) 
4 [01,02] 

< C'5*{1 + maxe). (4.12) 

[01,02] 



Then, since |u'o(a:,t)| < C^J pt{t)^ we can choose M = M{e) > 1 s.t. 



Il^^ollo < (4.13) 

4.3. Definition of pi. We define the pressure pi as 

2{{v-ve),wi) 
pi:=p-iP — ip . 

By (j4.13p and (j4.5|) . provided 77 is sufficiently small we have 

\\pi-p\\o<^^ — S* + Cij~S\\wi\\o 
hp 3 - 

<^^ — S* + ^S\\w,\\, (4.14) 

4.4. Definition of Ri. According to our definitions of vi and pi, it is fairly easy to see that 

dtvi + div {vi (g) vi) + Vpi = div [(1 - V^)^] 



+ dtitpwi) + div {ipwi (E> ve + Vi tpwi) 
~2 



+ div (V'^wi «) wi - -^\wo\^M + ij^Ri) 



+ div [■4>^{R~Re)] 

+ div (^ipwi ® {v — vg) + {v — vi) (g) Tpwi — ip'^^ — Id 
Hence, recalling the Definition 13.51 of the operator TZ. we set 
Ri := {l-'iP^)R 

+ Tl\_dt{i'Wi) + div (-0101 ® Vi + Vi ® ^wi)\ 

+ 7^[div {tP'^wi^wi - -ylwopId + T/'^i?^)] 
+ ^''{R^Ri) 

+ i/'Wi ® {v — Vi) + {v — Vi) (g) ^wi — -0^^^^ — Id. (4-15) 

By Lemma [3.61 and the fact that dtvi + div (ui g) ui) + Vpi has zero average, it follows that (vi,pi, Ri) 
satisfies (|2.ip . 

5. Proof of the main perturbation step 

5.1. Doubling the variables and corresponding estimates. As in |DLS12H] . for any k G Kj C 

{|fc| = Aq} we set 

V Pi{S) / 
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and 



j=ifceAj 

so that our main perturbation term is given by 

tp{t)wo{x, t) = 'ilj{t)Wo{x, t, Xt, Xx). 

The next proposition is the analogue of Proposition 5.1 in |DLS12H] . The following estimates on the 
derivatives of the coefficients of the main perturbation term will be the basis for estimating also the 
derivatives of the other correction terms in the supremum norm. 

Proposition 5.1. Let ak G C°°(T'^ x [ai + £,a2 £] x M) be as in (|5.ip . V cut-off function of 
Proposition \2.2\ and D given by (j2.17p . 

Then, for any r > 1 and any a £ [0, 1] we have the following estimates 



\\^ak{;S,T)\\r <^is)a,V¥iti'-D^- + ^iDe'-'') 

\\dri'ak{-,S, T)\\r + \\d^ijak{-,S, T)\\r< ^P{s)CeV¥{^i'^ D^' + fiOf-^) 



Uak{■,s,T)\\^<iis)C,^/¥^l''D'' 
\\^ri>ak{■.s,T)\\^ + Plak,i,{■,s,T)\U<iis)Ce^/¥^i''D'' 
\\{dr^ak + i{k ■ t>,)^afc)(-,s,r)|U < i'{s)Ce^/¥ D'^ 



(5.2) 
(5.3) 
(5.4) 
(5.5) 

(5.6) 
(5.7) 
(5.8) 
(5.9) 



(5.10) 
(5.11) 

(5.12) 



Moreover, for any r > 

|ja,Vafc(-,s,r)||^ < i}{s)Ce^{^Ji'+^D''+^ + ^lDr'^) + \i}'\{s)CeV¥{^i'D'■ + iiDi^-"-) 

\\dl,i^ak{;s,T)\\r < i;{s)CeV¥{if+^D'-+^ + ^iDr^) + W\{s)C,V¥{^/D' + ^iD^^--) 
||5fVafe(-,s,r)||, < i^{s)CeV¥{if+^D''+^ + ^iDl-^--) + \^'\{s)CeV¥{^i^^^D-+^ + tiDr^) 

+ W\(s)CeV¥{^/n' + ^lD^^-') 

\\ds{dr{i^ak + i{k ■ ve)iPak){; s, r)||, < ^{s)CeV¥i^l'■ D'-+^ + iiDr^-) + W\{s)C,^/¥{if-^ D'^ + iiDi^-"-). 

(5.13) 

We also have 

V;W^o®V'W^o(y,s,r,C) = V'(s)i?£(y,s) + 7/.2(s) Uk{y,s,T)e'''<, 

l<|/c|<2Ao 

where Uk € C^{r^ x [ai +£,a2~i]x R) satisfy 



(5.14) 



Ukk^^{tTUk)k (5.15) 
and the following estimates for any r > and any a G [0, 1]; 

U^Uk{-,s,r)\\r < 4''\s)CeS*{^l''D'' + ^lDe^-^) (5.16) 

\\dr^^u,,{;s,T)\\r <^p^is)CJ*i^l^D^ + ^lDe'-^) (5.17) 

U^Uk{-,s,T)\\^ < ^/{s)Ce5*fi''D^ (5.18) 

\\drij^Uk{-,s,T)\\^ < i^\s)C,6*fi''D^. (5.19) 

Moreover, for any r > 

||9,V^t/fc(-,s,r)||^ < i:^{s)CeS*{ii''+^D'-+^ + ^iDr'')+i}j{s)\ij'\{s)Ce5*{tfD'- + pLDl^-'-). (5.20) 
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Proof. Notice that the above estimates are the same as in Proposition 5.1 of |DLS12H] . up to replacing 
5 with S* everywhere and multiplying them by suitable powers of ip and its derivatives. 
As in |DLS12H| we set 



■ip{s)ak{y,s,T) = ip{s)^/pe{s)T{y, s)$(y, s, r), (5.21) 

where T{y,s) ^ 7i''(^), Hy,s,r) = cb^^^My , s) , r) . 

By definition oi Uk, it is fairly easy to see that the estimates (|5.16p - (|5.20p are a consequence of (|5.2[) - 
(Ol) and (IgTB . 

First of all, notice that in the estimates (|5.2p - (|5.9|) . since ^ does not depend on {y,T), we simply have 
to multiply the estimates for by the function tp. Analogously, in the estimates (j5.10p - (j5.13p we simply 
apply the Leibniz rule to the derivation w.r.t. s of the products ipak, ipdrO-k etc. and then bring back to 
the estimates (|5.2p - (j5.9p . with one (or two) order of derivation less w.r.t. y for the terms in which ijj is 
differentiated. 

Then, we can reduce to study and see why the the only change in the estimates is the replacement 
of the 5 of jDLS12H] by S* . First notice that, since the only change in the definition of ak is the choice of 
pe, after applying the Leibniz rule to (j5.21[) the only terms that might be changing are those containing 
derivatives of functions of pi. In particular, it is fairly easy to see that such terms are 

\d:^,\, llFii,,, ||9,r||,. 

By (|4.12p . we already know that \^/pi\ < CeVS*, while in jDLS12H] one has \^/pe\ < CeVS- Moreover, 



< C 



Ri 



mm /: 

[ai+eM2-e] 



and 



~ s* 



|9.r|i, < c + c\\R,\\rmpj')\ 

mm Pi 

[ai+e,a2-e] 



.Dt 



l-r nx*-'^ 



< C— ^ + CDt-^'DS 

6* 

< c{pDr'' + p^D^e^-'') 



exactly as in |DLS12H] . Finally, 

r 

191 v^l < C„^Ce(<5*)^->,r-i|9;p,| 



1=1 

nl-r 



<C\/¥pDf-'' (5.22) 

in contrast with \dl^\ < C^/SpD^-'' of jDLS12Hj . 
Since by the Leibniz rule 

m 

WdTd^^akWr < C^|a:Vp7||i9,r^(r(y,s)9?$(y,s,T))||,,, 

4=0 

where ||3™~*(r(y, s)9^$(?/, s, r)) ||r can be estimated as in |DLS12H| . by ((5:^ PropositionOis proved. 

□ 
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5.2. Estimates on vi. The estimates for the perturbation term Tpwi are obtained as in Section 6 of 
jDLS12H] . using the structure of Wo, the Schauder estimates for Qwo of ProDOsition l3.8l and the estimates 
of Proposition 15. II 

Therefore it is fairly easy to see that the following proposition is the counterpart of Proposition 6.1 of 
jDLS12H| . 

Proposition 5.2. The following estimates hold for all r >Q, t ^ [ai + i,a2 — i]: 

UWoWr < i^CeV¥y (5.23) 

\\dMwo)\\r < V-aVFA^'+i + \yj'\C,V¥y (5.24) 
and the following for any r > which is not integer: 

UWcWr < tl)Ce,sV5*DllV~^ (5.25) 

\\dMw,)\\r < i'C^^sVFDfiX-- + lij'lC^^sVFDfiX'-K (5.26) 

In particular, 

\\vi - v\\q = \\i'w\\a < IpCeVS*, 
\\dt{vi - v)\\o + \\vi - = \\dt{i'w)\\o + Uw\\i < t/jCeVFx + l^'iaVF. 

5.3. Estimates on the energy. Analogously to Proposition 7.1 of |DLS12H] we obtain the following 

Proposition 5.3. For any a G (O, there is a constant Cy^s, depending only on a, e and \\v\\co such 

that, Vie [ai + £, 02 - i] 



\vi\'- i>^6e+il-iP^){e- I \v\' 

T3 



a-1 



Proof. Writing \vi\ as 



= \v\'^ + -Ip^lWof + 1p^\Wcf + 2lpV ■ Wo +2tpV ■ Wc + 2tlj'^Wo ■ Wc, 



we get 



T3 



- \v\^ - ij^\Wo\^ < C4^Wc\\o{l + UwoWo + Wi'WcWo) + 2^ 



T3 



Wo ■ V 



(5.27) 
(5.28) 



where ((07| follows from Proposition [O] and the fact that A > (^L))i+" (see while ([g?^ is a 

consequence of p.6p and Proposition l5.ll 
Now, tracing (|5.14p we obtain 



/ V>o|' - V-'Mi?,) V I / tr 



Uk 



l<|fc|<2Ao 



the last inequality following from p.6p with m = 1 and (|5.16p . 
Then we conclude after observing that 



□ 



tT{Re) = e(l - 5) - / \vf\ 



and recalling (|4.7p . 
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5.4. Estimates on the Reynolds stress. While estimating the Reynolds stress we refer to Proposition 
8.1 in |DLS12H| . 

Proposition 5.4. For every a E (O, , there is a constant Cy^s depending only on a, uj, e and \\v\\co 
such that the following estimates hold 



\\Ri - (1 - V^)A||o < C„,, [i:D£ + i^VF^iDX^"-^ + TpVS^^r^X" + I'lP'lVFfiDX"'-^] 
\\\{Ri - (1- < Cy,s[i^V5*fiDX'^°' +tl;V6*XD£ + tljV6*n-^X"+^ 
+ \ij'\D£+\ij'\y^n-^X" + \ij'\V6*fiDX°' 
+ \ij"\V¥^iDX'^'^] 

Proof. Recalling the definition of .Ri made in (|4.15p we set 

El - (1 - ip^)R = ^^Rl + ^Rl + ^^Rl + i'Rj + i)R\ + i^Rl + ipRl + i^'Rf 

where 



(5.29) 



(5.30) 



(5.31) 



Rl 


— R — Rt 




Rl 


= U>l (g) {v ~ Vg) + (w — Vi) 




Rl 


= TZ div (^Wo 1^ Wo + Re — 


K'^d)] 


Rt 


= TZ{dtWc) 




Rl 


= 7?. [div {{ve + ipwi) ® Wc - 


f Wc (8) (ve + IpWi) +Wc<® IpWr)] 


Rl 


= TZAyv {wo (8i Ve) 




Rl 


= TZ[dtWo + Ve ■ Vwo] 




Rl 


^7^(wl). 





Notice that Rl, Rl, Rl, R\, Rl and R[ arc defined as in the proof of Proposition 8.1 in |DLS12H] . 
Therefore, taking into account the multiplications by the cut-off function and the new estimates for 
the coefHcients Ofe obtained in Proposition 15.11 in the next tabic we collect without proof the related C° 
and C^-estimates. 



estimates 


estimates 




|||V'^^?lll|i < tp'^CD + \ilj'\CD£ 




IllV'^fllli < 'ipCWS*XD£+\ij'\CeV5*D£ 


U^Rl\\o<^^CeA*l^DX'-'^ 


lllV'^-Rillli < i'^Cv,sS*fiDX"' + \ij'\Ce,sS*^iDX°'^^ 


URfWo < ijCy,sV¥fiDX''~^ 


IllV'^fllli < ^Cy,,V¥^lDX°' + \Tjj'\Cy,,V^fiDX°'-^ 


Wi^RlWo < ijCy^sV^fiDX'^-^ 


lllV'^illli < ^Cy^sV5*^iDX'^ + |V''|a,^%/5^AiL'A"-i 


Wi^RlWo < iAa,,VF(M-DA"^i + /i-iA") 


lllV'^IIIIi < V'Ci,,5\/F(m£'A" +Ai-^A"+i) 
+ |7/.'|a,s^/F(A^Z?A"-l +M"'A") 



Moreover, reasoning exactly as in Step 5 of the proof of Proposition 8.1 in |DLS12H] we get 

IIV'-Rlllo < \\{vt+i!VUi)®Wc+Wc®{ve+'lpWi)+Wc®tpWc\\a 

< Ch\\wc\\a{\\ve\\o + V^llwolU + V'llifclU) 



Prop.O r— , 1 

< Cy^sV¥^^DX^''-\ 

and the same argument gives 

lURllWi < ^c,,,sV¥^iDX'"' + \4/\Cy,sVs^fiDX'"'-\ 
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Concerning ip'Rf, recall that 

apply Propositions 13.91 and 15.11 and get 



\k\=\o 



|fe|=Ao 



— iiflfciii + 



1 



1 



flfc 



|fc|=Ao 



Choose now 



1 + w 



and observe that 



m — 1 



<1+U}. 



Then the last inequality in (|4.3p becomes 

A^-™ < min{^™,(/ii:i)-"} 

and 

To estimate HIV^'-Rf |||i one can proceed exactly in the same way getting 

MRllWi < W\c,,sVF^iDX''-' + \i''\c,,sV¥^iDX''. 

Thus we conclude 

- (1 - v^^)^!|o < c^,s[i^D£ + ijV¥fiDX^°'-^ + ijV¥fi-^x°' + \^'\V¥fiDX°'-^] 
- (1 - v^)i?)|||i < Cy.s [ipD + tpVFxoe + V'VFm^ia^+i + tijV¥fiDX^°' 

+ \^'\D£+\ij'\V6*fiDX°' + l^'lVFfi-^X'' 
+ \tP"\V¥nDX''~^] 

< Cy^s [ipVFfiDX'^" + t/jVFxDe + vVF/i^^A^+1 
+ \ij'\D£+\ij'\VFfiDX°' + l^'lVFi^r^X"" 
+ \iJ"\V¥^lDX"-^], 

where in the last inequality we have used 

113} 1 



(5.32) 



□ 



5.5. Proof of Proposition 12.21 After constructing {vi,pi, Ri) as in Section^ we fix the perturbation 
parameters /i, X,£ and the Holder exponent a in the estimates of Sections 15. 2[ 15.31 and 15.41 
More precisely, in Propositions 15.31 and 15 .41 choose -as in Section 9 of (DLS12H] - 

uj e 



and assume that 



2 + oj 4(e+l)' 



where > ij ^ is a sufficiently large constant depending only on |lw|lco s-^d e in such a way that (j4.ip 
is satisfied. Then, impose 

H^D ^ A, (5.33) 
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where actually, as observed in |DLS12H] . to be sure to satisfy (|4.2p one can carry on analogous compu- 
tations imposing ^ < fi^D < X. In particular, 

Finally, choose A of the form 



D5 \ i+e 



where Ai, > 1 depends only on llvllc"" a-nd 



4 



Observe that in jDLS12H] the authors set v — Q. 

Let us check that the choice of the parameters is consistent with (14.31) . If A^, > Lj,"*"" , 



A£ 



A„ / D(5 \ / 5 \ 1 



and since = X^D^ 
Moreover, by our choice of a 



> D 



,66^ 



> 1 



DS 



2+u , i±: 



< 1 



HDX°'-^ < 1. 

This follows from fiD < X'^ and the fact that < 1 — a. Finally, 



n = \ — = aJd* 
^ \l D 



(—)' 



(5.34) 



(5.35) 



(5.36) 



(5.37) 



Being now a fixed, the constants Ce,s and C„.s which in general depend on a will be from now onwards 
denoted by Ce and C^. 
Preliminary estimates 



Before inserting the above parameters in the estimates of Sections 15.21 15.31 and 15.41 it is convenient to 
estimate separately some of the terms which will often appear in the calculations. 
By our choice of a 



1 £+2 1 1 

a — - = 7T, 2a — - = — - 



2 4(£+l)' 2 2(1 + 6)' 2 4(e+l) 

Moreover, by definitions ((2?2|) and ((23| 



1 3£ + 2 „ 1 2£ + l 
a + - = — 7T, 2a + - = 



2 2(l + £)' 



(5.38) 



Then we have the following estimates: 



< A^ 



g + 2 / Jv* 



15* ^ii^i^ EM 



§2+, 



(5.39) 



:i^S^+T^'5-i<A^^^^+^^ l^S^n^ < A„^'=+^'^S? + S^ (5.40) 
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§2+1. 



(5.42) 



3£ + 2 / A* „ , , , / n \ l + £ 3e + 2 _ „ , _ / D \ l+E 



(5.43) 
(5.44) 



Proof of ^ 

By Proposition 15.3 



tool (7 (7 4 

< 1p S + 1 ^27 + 9^ 

Lv ^2(l + e) 

Hence, provided Ly and consequently A^, arc chosen sufficiently big depending on ||w|lcoi ! 
Proof of (pm)) and ([^IT]) . 

We use the estimates obtained in Proposition [521 
Taking (|5.23p for r = and (|5.25p for r ~ a we have 

provided the constant M = M{e) is large enough. 

Consider now ((O^ with r = f , ([Oi)) with r = 0, ((05)) with r = a + f and with r 



;et (ESI)- 



IIIV'Willli < VCeV(5*A+ |7/;'|C„V(5* +i/'C„V(5*/i£'A" + \i}'\CW 5* ijlDX 
fn particular, since by (|5.33|) and (j4.3|) it is fairly easy to check that D < V5*X, 

1 < 2Aji+^(£)'^'rw-^ + iv^'iaVF. 



(5.45) 

~ a. Then 
(5.46) 



Proof of (Pr^ Using (|lTi)) and (jSliSj) we get 

,M2 



(5.47) 



Proof of (l^ra. imH). artri (I^TB. 

From (|5.3f p . define 



Ri,2 '■= Rl- 



By (j?:^ and 



CAUCHY PROBLEM FOR HOLDER SOLUTIONS TO THE EULER EQUATIONS 



19 



provided L„ and then A^, arc chosen large enough. 
Moreover, 



» 2(l + e) 2 



tool (7 , 



e + 2 
A -1(6+1) 



By (IQU)) . (1531) . (lOTD and (ICT) 



H (5 2+^^(5 27 9^ 



|2 



A 2(l + e) 



and by (Oil . (ICTH) and (OSll 

lllV''i?i,2iiii < iv^'iaVF/iDA" + iv/'iaVF^i^A"-! 

<\ij'\C,Af^5i+i'S^+^ (£) '''' + |^"|aA:^5S+^. 

We thus end up with (|2.15p and (|2.16p again choosing suitable constants Ly and A„ and Ai sufficiently 
big. 

Proof of Corollary \2. Si Let ■0 € C°°([ai,a2]; [0, 1]) be a function satisfying (|2.18l) . In the following we 
will extensively use the relations 

8<5i^5'-^. (5.48) 
To prove ([2^ recall ((2TT3)) and observe that 

112.141 n- 3^-1 i 115. 48> ,n _ 

As for (|2.2ip . let us first consider (|2.15p . On one hand, since e < 



On the other hand, 



so that 



1 IMI} ?^/^\^+" 



> 1, 



IllVi? 



i,i|||i 



< 



XW>o}Ai'5^(jj) 



To show that also |||V''-Ri,2|||i < X{V'>o}^i^^ ( ) , it is sufficient to notice that 



> 1. 



Finally, to prove (|2.22p . we choose ly = Q m (|5.35p as in |DLS12H] . i.e. we set 



(5.49) 



as in |DLS12H] . Since the A defined in (|5.49p is smaller than the A defined in (j5.35p , then the estimates 
for the Reynolds stress proved before hold as well. In order to prove the energy estimate and the C° 
estimates, notice that ii S* = 5 



< A, 



e+2 
' 4Ce + l) 
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and proceed as in the proof of Proposition [521 As for the improvement (|2.22p in the norm of vi, 

rz lost /ZJx 1+e 



□ 



6. Admissible initial data 



Proposition 6.1. Let e G C°°([0, 1]), e > 0. Then, for all 6 < ^, < /3 < ^ there exist vq G CiT^;] 
and {v,p,R) G C"(T''' x [0, 1]; xRx 5^^''3)nCi (T^ x (0, 1]; E'^ x Mx^^''^) which solve the Euler-Reynolds 
system (P?T|) on x (0, 1) with 



|z;oP = e(0), /Z(0) = 

T3 



Moreover, there exist 



and sequences 



v{Q) = vq, v{t)c,C\T^) ViG[0,l]. 
< e = e{e) < 1 with hm e{e) = 



3 3 
a > -, 6 = -, with a = a{e), 



2 3£ ■r-^ 

to := 1, tn G (0, 1) S.t. tn < tn-1 and i„_i - t„ = -^^n-l, -tn^l 



(^„GC°°([0,1];[0,1]) s.t. ifinit) 



C 

1 ifte[0,t„] 

i/tG[t„_i,l] 



SMc/i that 



(e- y Kf ) - K'Jn + (1 - <p')'5„_i]e|x[t„,t„_i] < fK-^n + (1 - ^l)Sn-i]e 

\\R - (1 - <^?i)^UIoX[t„,t„_i] < X{v,.>0}¥n, PJillo < y/f^n-l, 

/or some R'^-^ G C^(T'^ x [0, 1];5q'^'^), with 6o ~ 1 and 77 depending on e as in Proposition 



(6.1) 
(6.2) 



Definition 6.2. A triple {v,p,R) as in Proposition 16. II will be called an admissible C -sub solution with 
admissible initial datum ug for the energy e. 

Remark 6.3. In the proofs of Proposition 16. II and Theorem ll.il we will repeatedly use the following fact. 
Let V', e CH[0, 1]; [0, 1]) such that 



supp %p d {^p ^1}. 



(6.3) 



Then, 



(^ + V')(1-'^) = 0, {\^ij^){l-^^) = {l-'p'), i'^ = ^, (6.4) 

Proof of Provosition [UHl Step 0. W.l.o.g., we assume that 3h > such that e is positive and smooth 

on the larger time interval [—h, 1 + h]. Define then (uo,po, ^0) to be identically on x [—h, 1 + h] 
and observe that it satisfies the assumptions of Proposition 12.21 on [oi, 02] = [—h, I + h] with ip = I and 
(5 = 1. Fix e > arbitrarily small and set Sq := 6 = 1, Dq := D =1, ^Q = Q and (/jq := = 1. 

Starting from (vq,pq, Ro) we construct iteratively -using Proposition 12.21 - a sequence of solutions 
{vn,Pn, Rn) of the Eulcr-Rcynolds system which will converge to an admissible subsolution {v,p, R). 
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To this aim, we first set the following parameters: 



3 3 

5n = a , — 2' ^ ~ 2' ^'^^^ ^ ^ ^^^^ fixed later 



c=45:ci=4E' 



2 M 

~ n-l' 

4 3e 

to 1, tn e (0, 1) s.t. tn < tn^i and t„-l - tn = ^(^n-l = 2C 



^„ > s.t. V in<h 
^ — 

and a countable family of cut-off functions 

G C°°([-/l,l + /i];[0,l]) s.t. ipnit) 

4 



1 ifie[-/i,i„] 

if t e [tn-l - 4, 1 + /l] = [t„ + in, 1 + /i] 



and |(^„| < 



^n— 1 



r^A-T I „»i ^ 4max|y;| 



(6.5) 

(6.6) 
(6.7) 



Notice that, if a is sufficiently big, (5„ < min{i(5„_i, and, by the choice of C, ^ t„_i — t„ = 1. 



n=l 



Moreover, the functions = 'fin, ^ ~ y^n-i satisfy (j6.3p for all n G N. In particular. 



11(1 - (^2) = l-ipl, Yl^, ^ ip-^, (1 - cp'f)cp^ if I < J. 



(6.8) 



Step 1. Iterative perturbation step 

Let us assume that, after n steps of the iterative procedure there exist {^i}"=iJ < £i < min{£i,ii} 
and {{vi,pi, Ri)}2=i solutions of (|2.ip on [— /i + X]r=i 1 + Z^] satisfying 



Pn = Pn-1 + fnPno 

Rn = fnRn.l + f'„Rn.2 + (1 - </'^)-R«-l 



and the following estimates 



\\v„ - U„-l||o < IfinMy/Sn-l 

\\Rn - (1 - ifDRn-lWo < X{v„>0}»7^n 

IIPji -Pn-l||o < (PnM^Sn^i 
3 / n , \ l+e 



where 



A :=max{l,|K>,|lci,|l4|lci} 



and A, = Ai(e,£, |lvj||co)- 



In particular, on [—h + ^£i,t„] C {fn = 1} 

i=l 



^nllo < VSn- 



(6.9) 
(6.10) 
(6.11) 

(6.12) 

(6.13) 
(6.14) 
(6.15) 

(6.16) 
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Therefore (w„,p„,i?„) satisfies the assumptions of Proposition [2?2] on [01,02] = [—h + J^^i'^n] with 

i=l 

ip = 1 (or equivalently S* = 6) and 5 = (5„. Then, since 

n 

SUpp ipn+l C [-h + ^^i, tn - C+l], (6-17) 

we can apply Corollary 12.31 with ip = ipn+i, i = ^n+i < inin{^„+i, S = Sn+i- 

n+l 

We thus get (|6.9p - (|6.16p on the time interval [—h + ^ £i,tn — in+i], with n replaced by n + 1 . 

i=l 

Now observe that, since (pn+i = on [i„ — £n+i, ^ + h], we can extend trivially Vn+i to be equal to Vn, 
Pn+i to Pn and Rn+i to Rn on [tn ~ (-n+i, 1 + /i] and moreover also (|6.9p - (|6.16p extend to the larger time 

ri+l 

interval [-h + 1 + /i]. 

1=1 

Step 2: Convergence to a subsolution 

By (|6.5p . the functions (w„,p„, i?„) are well defined on T'"* x [0, 1]. 
From (|6.13|) . (|6.14p and (|6.15|) we immediately get that 

3 {v,p,R) e C"(T3 X [0, 1];M3 x K x 5^^^) s.t. lim \\vn - v\\co + \\Pn-p\\co + \\Rn - R\\c« = 0. 

n— >-+oo 

In particular, there exists a constant A = A{e, e, (7) such that 

and from now onwards we will substitute it to An into (16.161) . 

Moreover, since p„(0)||o < 7]Sn and e(0) - / K'„P(0) < (l + |)'5„e(0) for all n S N, 



i?(0) = 0, / |i;|^(0) = e(0). 
From the structure equations (|6.9p . (|6.10p and (|6.1ip and (|6.17p it is also fairly easy to see that, Vn G N 

'^X[t„,t„_i] = ^'nX[t„,t„_i] = Wo + <rf3,iiy,i + (6.18) 

2=1 

n-1 

PX[t„,t„-i] = P"X[t„,t„-i] = Po + <^«P«o + ^Pio (6.19) 

j=l 

-RX[t„,t„_i] = ^nX[t„,t„-i] = 'Pn-Rn,l + v'nRn,2 + (1 " ^n)Rn-l,l (6.20) 

In particular {v,p,R) satisfies (|2.ip on T'^ x (0, 1). 

Moreover, using (|6.18p and the structural assumptions (|6.8p on the cut-off functions ipn we obtain 
(e-y" |wp)x[t„,t„-i] ='^r»'^«e+(l-(/3fj(e-y |w„-i + (/3„e„ 

= </3^(5„e + (1 - (/3fJ(^^,_i(5„_ie + (1 - ifDil - (/7^_i)(5„_2e 

+ (1 - ipl)ip„-ien-l + (PnGn 

= ip^Sne + (1 - iPn)Sn-ie + (1 - <y9^)e„_i + (p„e„ (6-21) 

where 

/3 



By Lemma [3. 71 we have then (|6.ip . 

5; Convergence in the Holder norm. 
To show that the sequence {vn{t)} converges to v{t) in {T^;M.^) with exponent ^^ < we use the 
same argument of |DLS12H) . thanks to the fact that the rate of decay (resp. growth) of the C° (resp. C^) 
norms between two successive approximations arc double exponentials with suitable exponents. More 
precisely, our claim is that Vn G N 

£>„ < a=^" (6.22) 
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with c = Y^if, for sonic a = a{e, e), provided e < j. Notice that (|6.22p holds for n — and assume that 
it holds also V i < n — 1 . Then 



(52 



16361 

Dn < A6^_,\ 

Hence, it is sufficient to check as in |DLS12H] that c = frff satisfies 

c5 - [6(1 + 2e) + c(l + £)] > £, (6.23) 
provided e < j. Indeed, if (j6.23p holds, 

and (|6.22p follows provided a> A^ . 
Finally estimate by interpolation 

which tends to zero as n — ^ +oo provided (—^(1 — 0) + cbO) < 0. Hence, by the choice of b and c, if 



l + 3c 10 + 22£' 

which tends to as e tends to 0. □ 

Remark 6.4. The fact that the admissible initial data for a given energy e are infinitely many can be 
verified in different ways. Even though we do not pursue this issue in detail here, since there are essentially 
no new ideas and the calculations would be very similar, one could check as in [Chol2| that the 
norm of the admissible subsolution and of the starting vector field of the iteration of Proposition 16 . 1 1 can 
be made arbitrarily small. Thus, choosing a starting vector field different from the trivial one (e.g. the 
vector field of the iteration at step j) and a sufficiently big a > | in the Definition of the {deltan} one 
can find a different admissible initial datum. 

7. Proof of Theorem 11.11 



Let vq be an admissible initial datum for the energy e. From Step to Step 3 we prove the existence 
of an Holder solution of (jl.l[) with exponent 9 < jq and total kinetic energy e. In Step 4 wc give a short 
proof of the fact that actually there are infinitely many solutions satisfying the same requirements, and 
we also explain why the admissible initial data for (jl.l[) w.r.t. any preassigncd total kinetic energy are 
infinitely many, too. 

Step 0. Let {v,p,R) £ C^{T^ x [0, 1]; x R x ^i^""^) n (^^(T^ x (0, 1]; x R x ^i^""^) be an admissible 
subsolution as in Proposition 16.11 with initial datum vq for some 9 < jq and /? = |. W.l.o.g., we assume 
that 3h > such that e is positive and smooth on the larger time interval [0, 1 + /i] and {v,p, R) is also 
defined and satisfies the same properties on [0, 1 + /i]. 

Set {vq,po,Rq) := {v,p,R), < e := e{9) < 1, to = 1 and introduce, analogously to what we did in 
the proof of Proposition 16. 11 a countable family of cut-off functions 

fl if t e [t„_i,l + /i] 

^„ e C-([0, l + h]; [0, 1]) s.t. Mt) = -f.^^n, fn . ^ n ^^'^^ 

andK|<-^^CO, m<'-P^<CXX (7.2) 

where 

2 m 1 
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and the following parameters 



— Sn+l, 

= (flSn + (1 - ipl)Sn-l, 
Sn = i^lSn + (1 - ijl)Sn 

4 > S.t. V in<h. 

^ — 

Notice that, in contrast with what happens for the cut-off functions (fn, the set {ipn 
^„_i-neighborhood of the support of 4'n-i and then, by (j6.3p with ip = ipn-i, f = "fpn 



(7.3) 

1} contains an 



11(1 



llyJ^ = ^Pk, =Oif z>j. 



i=fc 



Assume for the moment that 



So 



(7.4) 



(7.5) 



At the end of the proof it will be easy to notice that this is not a restrictive assumption and the 
case (5o = 1 can be handled with no additional difficulties. If (j7.5p holds, we have in particular that 

- • _ _ ~ . 

(5i = (5g < 2^0- In particular, by (j6.1D and (|6.2p . {vo,po, Ro) satisfies the assumptions of Proposition 

2.21 on [ai,a2] = [ti,l + h] with (p = (pi, S = Si, (p = 1, 6' = Sq and /3 ~ /3 ^. Set then Dq := 
max{l, \\vo\\cmti,i+h]), WPoWcmus+h]), \\Ro\\cmti,i+h])}, 4=0 and = i/^o e C°°([0, 1 + /i]; [0, 1]). 

Starting from (wqiPOi^o) we construct iteratively -using Proposition 12. 2t - a sequence of solutions 
{vn,Pn, Rn) of the Euler-Rcynolds system which will converge to a solution (w,p, R) of (jl.ip with initial 
datum wo(0). 

S'<ep 2. Iterative perturbation step 



Let us assume that, after n steps of the iterative procedure there exist 
and {(ui,pi, Ri)}^^i solutions of (|2.ip on [0, 1 + /i — X^iLi satisfying 

Pi =Pi~l+ IptPio 



Rj 



^A,i+i^'A,2 + {i-i^1)R 



i~l 



0<i,< min{Z„£J 

(7.6) 
(7.7) 

(7.8) 



and the following estimates 



(1- 



< 



||wi-Wi-i|!o < V'^A^V'^' 

\\Ri - (1 4^)-Ri-i|lo < X{^.>o}'7'^i 

\\Pi -Pi-i\\o < 

where 

: 



(7.9) 

(7.10) 
(7.11) 
(7.12) 

(7.13) 



max{l, ||Uj||ci, 



Ai = A^{e,e,\\v^\\co)■ 
Clmm^ Our goal is now to show that [vmPm Rn) satisfies the assumptions ()2.4[) and (j2.5[) of Proposition 

[22]on [01,02] = I + /7.- with 5* = 5*, (5 = 4= 4+1, ^ = 4, = 2/3 and on [01,02] = [t„+i,t„] 

1=1 

with 5* = 4+1, (5 = 4 = 4+1, 5 = 5n, fi ^ p. 
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To this aim, we set 



e - / [vol - 5^e]x[u,u-i] 



and rewrite (j7.9p for i = ri as follows 



|v„r = i^i^ne + (1 - V„)V'„-i'5„-ie + (1 - V4)(l - e - / \vn-2\ 



+ (1 - ?/>^)V'r,-ie„_i + -0ne„ 



(EH 



V'n^ne + (1 - ■0„)(^e - y |w„-2| j + Ipn^ 



(7.14) 



Since 



we find that 



|e„| < —SnC, |e„| < -(5„e 



X[t„+i,t„] < 2'^«+i'2 



[t„.i+h-f:ei] 



which means that w„ satisfies the assumption (|2.4p on 1] with 5* = 5* , /3 = 2/3 = i and, being 

^nX[o,t„] = «oX[o,t„]: it satisfies JO]) also on [t„+i,t„] with 5* 5n+i, P ^ P. 
As for the Reynolds stress tensor, set 

and rewrite (j7.11|) as 

Rn = (1 - V-'fj-Rn-l + X{-!/J„>0}^n 

= (1 - V4)(l - V'fj_l)-R«-2 + (1 - V'^)X{^„_i>0}-Rn-l + X{V>„>0}^n 



= (l-'/'„)-Ro+X{V„>0}-Rn 



X[o,t„]-Ro+ (1 - '0^)^O + X{^„>0}^: 



X[t„,i]- 



Therefore, 



||i?„ - (1 - ¥'^+l)K+llloX[t„+i,t„] < X{¥>„ + i>0}??'^n, 

IIK+illo < V^,i-i 

i=l 

llX[t„,t„_i]-Ro||o < (1 - ^n)¥n-l +X{v„>0}-n^n < '^T/Sn 



(7.15) 



Even though the last inequality (j7.15p differs from the last in l2.5l bv a factor 2, choosing ij eventually 
smaller we can reduce to the assumptions of Proposition 12.21 Hence, our claim is proved and we can 



apply Proposition [2^ on [01,02] = [tn+i, 1 + h - J2^i] "^it^ = V-'n+i, ^ = ^n+i = Sn+2- 

4=1 
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n+1 

Thus we get (j7.6p - (j7.13p where n is replaced by n + 1 on the time interval [tn+i + in+i, ^ + h — J2 

i=l 

■Kn+1 < mm 

Now observe that, since ipn+i = on [0,t„-)-i + £n+i], we can extend trivially Wn+i to be equal to w„, 
Pn+i to Pn and Rn+i to ^„ on [0,tn+i + £n+i] and moreover also (|7.6p - (|7.13p extend to the larger time 

n+1 

interval [0, 1 + /i - ^d- 

1=1 

^; Convergence to a solution 

By (|7.3p . the functions {{vn,Pn, Rn)} are well defined on T"^ x [0, 1]. 
From ([77TU|) . (fnT|) and ([771^ we immediately get that 

3 iv,p,R) e C°(T3 X [0, 1]; K3 x M x ^q^^^) s.t. lim |jw„ - z;||co + \\Pn-p\\c» + !1^„ - Ajbo = 0. 

n— >+oo 

In particular, there exists a constant A = A{e, e, C) such that 

An<A, VnGN, 

and from now onwards we will substitute it to An into (|7.13p . 

Moreover, ^ = 0, v{0) = vo{0) and, by (TTTi)) . e = / \v\^ for ah t g [0, 1]. 

Step 3: Convergence in the Holder norm To show that the sequence {vn{t)} converges to v{t) in 
C^(T3;]R3) ^ith exponent 6* < we use the same argument of |DLS12H] . as in Proposition 16. II Let us 
find c> s.t., Vn e N 

Dn < a''''"^' (7.16) 
for some a = a{e,e). Notice that (j7.16p holds for n = and assume that it holds also V i < n — I. Then 



Dn < AS„ 



n-l( ^2 ') ^" 



2 / Dn 1 \ 1 + "^ _ 

^ '5„+i 



^n+l 



< Aa 



b" 

Aa 



i+i 

|fc"+fc" + i ( 2(l+£) + i| + |e ) +c6"(l+e) 



c(l+e)+() 



as in the proof of Proposition 16.11 it is enough to check that c = '^'g(it2=-f satisfies 

cb + -c(l + e) - 6( — + -f e ) > e. (7.17) 



V27 9 

provided e.g. e < j. If (|7.17p holds, then 

Dn < Aa''''"*\-^ 

and (|7.16p follows provided a> Ai . 
Finally estimate by interpolation 

\\Vn - Vn-l\\c» < \\Vn - Vn-l\\]^'^ \\Vn - 'Un-lH^i 

< a(-^(i-8)+cbe)fc"-i^ 

which tends to zero as n — >■ +oo provided (—5(1 — 0) + cbO) < 0. Hence, by the choice of b and c and 
letting e tend to 0, if 6' < ^ and in particular < j^. 

Step 4- Infinitely many solutions As in Remark (j6.4p . one could try to adapt the argument of |Chol2| 
and show that the velocity field of a solution of (|l.ip constructed as in Steps 0-3 can be made arbitrarily 
close to the velocity field of the original subsolution. Since for any admissible initial datum there 
clearly exist infinitely many subsolutions, this would conclude the proof of Theorem ll.il 

If the total kinetic energy is a constant, one can also argue in the following way. First notice that, 
given any admissible initial datum vq and any time s £ (0, 1), one can construct an admissible subolution 
{vs,Ps-, Rs) as in Proposition 16.11 but supported in [0, s). In the same way, given any other admissible 
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initial datum vq let {vs,Ps, Rs) be an admissible subsolution supported in [0, s). Then, starting from the 
triple 

' {Vs,Ps,Rs){x,t - ks) 

{vs,ps,Rs){x,{k + 2)s~t) 
{vs,Ps,Rs){x,t- {k + 2)s) 
^ {vs,Ps,Rs){x,{k + 4)s-t) 



{Vs,Ps,Rs){x,t) 



ate [ks,{k + l)s] 
ate [(fc + l)s, (fc + 2)s] 
if t e [(fc + 2)s,(fc + 3)s] 
if t e [(fc + 3)s, (fc + 4)s] 



for every k G 4N U {0}, one can construct as in Steps 0-3 -but with cut-off functions that on [k, [k + 2)s] 
are symmetric w.r.t. (fc -I- l)s and on [{k + 2)s, (fc -f 4)s] are symmetric w.r.t. (fc + 3)s" a 4s-periodic 
Holder solution {vs,Ps) of (|1.1[) which satisfies 



Vs{ks) = Vs{0) = Vq, Vs{{k + 2)s) = Vs{0) = Vq. 



(7.18) 



As s varies in (0, 1), among these solutions there must be infinitely many different ones, because otherwise 
the only solution would be constant, thus contr addicting (|7.18p . 



8. Continuous solutions 

Definition 8.1 (Continuous subsolutions). Let vq E C'^{T^;M.^) such that J |woP = e(0). We say that a 
triple {v,p,R) e C°{T^ x [0, 1]; x M x 5^"'^) nCi(T3 x (0, 1); x R x 5^""^) is a continuous subsolution 
of the Cauchy problem (|l.ip with initial datum vq if it solves (|2.1[) on T'^ x (0, 1) and 3 {t„}ngN C (0, 1) 

with tn decreasing to as n ^ +oo, {(5„}„gN C ^0, with (5„ < i(5„_i, to — 1 such that 

( 



e{t)-J\v{t)\^{l-S,,) 

^(^^yr ld-Rix,t)eM3 Vte [i„,t„_i],a;eT3 (8.1) 

oo j 

^ max We- / |wp < +oo, (8.2) 




viO) = vo, i?(0) E 
Notice that, by (|1.3p . (|8.1|) is equivalent to 

(e(0-/Kt)p)(l-<5„) 



Id- R{x,t) eSf"-" Vie (0,1]. 



6(27r)3 

Definition 8.2 (Admissible initial data). We say that vq G C*^(T'^; M^^) is an admissible initial datum for 
the continuous Cauchy problem (|l.ip with prescribed kinetic energy e if J \vq\'^ = e(0) and there exists a 
continuous subsolution as in Definition 18.11 with initial datum vq. 

Proposition 8.3. Given an admissible initial datum vq for the continuous Cauchy problem (jl.ip . there 
exist infinitely continuous solutions of (jl.ip with initial datum vq- 

Proposition 8.4. There exist infinitely many admissible initial data for the continuous Cauchy problem 

Remark 8.5. In the proofs of Propositions [5751 and we respectively show that there exist a solution and 
an admissible initial datum. The fact that they are infinitely many follows as in the Proofs of Theorem 
11.11 and Proposition l6.ll therefore we omit the details. 

The main step in the proof of both Propositions l8 . 3l and l8 .4l consists in being able to add to a subsolution 
a perturbation term in such a way that the system (12. 1[) is still satisfied and both the energy gap and the 
supremum norm of the Reynolds stress are reduced, while keeping the C° norm of the new subsolution 
controlled by a sufficiently small parameter. The global character of our result is gained via multiplication 
by suitable time-dependent cut-off functions. 
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Proposition 8.6. Let e > 0, e G C°°{[ai, 02]). Then 3 i\jf > depending only on e such that the following 



holds. Let {v,p,R) E C^{T^ x [ai,a2];M^ x M x Sq^^) solving (P?T|) and satisfying 



(^e-J\v\^)il^6) 



3(27r) 



Id - i? e M3 



yt e [ai,a2],x e 



(8.3) 



for some < S < ^ and let ijj £ C"'^([ai, 02]; [0, 1]), S < ^S. Then, there exists {vi,pi, Ri) E C^{T'^ x 
[ai,a2];K'^ x R x Sq^^) which solves (|2.ip and satisfies, for all t G [ai,a2]; 

Vi ^ V + l/jWi 

Ri = {l- Tjj^)R + ipRi,! + ■ip'Ri,2 
Pi=p- t/j^Po 
together with the following estimates 

\\vi-v\\o < ipMy/A 

- U^^A + (1 - V'^)A 
\\pi-p\\o<i'^M^A 
\\Ri-il~^^)R\\o<X{^>o}vl 

where 



< ipS min A 

[01,02] 



A{t):=e{t)- / \v\'{t) 
Jt3 



and rj is given by 



ro 



min A, 



12(27r)3[ai,Q2] 
with ro > as in Lemma \3.2i 

Remark 8.7. Notice tliat, if (vi,pi, Ri) is as in Proposition l8.6[ tlien 

'e- f\v,\Ail-d) 

-Id-RieMa, e [01,02], x e 



3(27r)3 

In order to prove (|8.12p . we first observe by 



that 



- / \vi\A{l-S) = {l-i'^)A{l-6) + ij^A{l-S)S + iil-6)fi 



with \fi\<5 min A. Then, by ([83]) 

[ai ,02] 



e-/Kn(l-5) 



3(27r)3 



-Id-i?i = (1- V'^) 



A{l-6) 



Id - i? 



3(27r)3 

(1 - ij^)A{S -6)+ V'2A(1 - S)S + - S) 



3(27r)3 



Id 



V'i?!,! - 1p'Rl,2- 



(8.4) 
(8.5) 
(8.6) 

(8.7) 

(8.8) 

(8.9) 
(8.10) 



(8.11) 



(8.12) 



(8.13) 



The summand in (|8.13p belongs to Ai^ by (j8.3|) . As for the remaining terms, since S < ^ and S < hS, 



(1 - V^)A(5 -S)+ ij^A{l - S)S + V/i(l - 5) 



> 


min 


A 


S 




[ai ,a2 






> 


min 


A 


6 




[ai ,a2 












-s 


> 


min 


A 






[ai,a2 




.2 








5 


> 


min 


A 






[01,02 




i' 



5 + (5(7/'2(l-(5)-V(l-5)-l) 



S-S-S 



4(1 -<5) 
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Hence, by (|5TII)) and (|5JT|| 



||V'-Ri,i + V''Ai,2|!o3(27r) 



(1 - i/;2)A(5 -5) + V2A(i _ S)S + - S) 



Proof of Provosition \8.6l {vi,pi, is constructed as in the proof of Proposition 12.21 but replacing Vi, 
Ri with V and R, and pi, Rg respectively with 



P{t) 



1 



:A(l-5), 



3(27r)3 

R{x,t) p{t)ld- R{x,t). 



More precisely, we define 



Wo{x, t) V'E E VK^JtI^'^ (^^) Ai)S;.e^'=-^-, 
Wi := ^/iWo + ipWc 



Pi-=P- V — ^ 

i?i (1 _ ^^)R + jp^n 

assuming w.l.o.g. that 



\w M 

dW {wi (S)wi + R - -L^Idj + V7^[5tu;i + div (wi d + w wi)] + ^^'7^(^t;l), 

(8.14) 



A 



Ai, A, - e N, A* > 



In order to show that the main perturbation term is well defined, it is then sufficient to show that 
G JV, where A/" C A^s satisfies the assumptions of Lemma To this aim it is sufficient to notice that 



R 



e Ms ^ Id 



3(27r)= 



[e-J\v\^){l-6) 



(8.15) 



which is precisely (|8.3p . 

Reasoning as in the proof of Proposition [221 we get the analogue of Proposition 6.1 of |DLS12| for the 
coeflacicnts 0^(5, y,r) = \/Ks)lk^ (^■^^^(l^k^^iviy, s),t), namely 

(8.16) 
(8.17) 
(8.18) 
(8.19) 



||^afc(-,s,r)||,. <^(s)CVAm'^ 

Widrijak + i{k ■ v)M{-,s, r)||, < ^{s)CVAp'^-^ 

\\dsijak{-,s,T)\\r < V'(s)CyA^'-+i ^ |^'(5)|cVA^'- 



We also have 



t^Wo(^^Woiy,s,T,0=i^\s)Riy,s) + ib^is) ^ C/fc(y, s, T)e*«, 

l<|fc|<2Ao 



.20) 



where Uk G C°"iT^ x [01,02] x M) satisfy 



Ukk^-itTUk)k 



.21) 
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and the following estimates for any r > 0: 

U^Uu{;S,T)\\r<C^\s)^l/- 
\\dr^^Uu{;S,T)\\r<C^Hs)^^l^; 



(8.22) 
(8.23) 
(8.24) 
(8.25) 



Notice that the above estimates are the same as in Proposition 6.1 of |DLS12| up to replacing 5 with 
A everywhere and multiplying them by suitable powers of tp and its derivatives. Moreover, the constants 
C may now depend, in contrast with the estimates for the Holder continuous case, also on norms of 
V and R. 

From (|8.16p - (|8.25p we deduce as in Sections 15.21 and 15.31 the following estimates: 



T3 



llV-Wollr < VAA'', Vr>0 
llV^WclU < VA^A""\ Va>0 



for any a e (o> ifij 
Finally, setting 



:= -07^[div (wi (8) wi + i? - -^Y-Id)] +TZ[dtWi + div (wi (g) u + w (g) wi)], 
i?i,2 :=7^(wl) 

the Reynolds stress tensor _Ri = (1 — tlj^)Ro +ijjRi.i +ip'Ri.2 can be estimated as in Section [5^ as follows 

- (1 - ^^)Ro\\o < ^C[VAfi\"~^ + VA/i-^A"] + |i/;'|CVA^A"-i. 
Since /i < A, wc conclude that there exists a suitable choice of a, fi and A for which (|8.7p - (|8.10p hold. □ 



Proof of Proposition \8.4\ Let (vq,pq, Rq) = 0. Observe that it trivially satisfies the assumptions of Propo- 
sition lS^ on [01,02] = [0, 1] with S ~ ^. Set Sq = ^, Aq ~ ^ / l^ol^) ~ ~ 1, V'o = 1) ~ 
{tn} C (0, 1) decreasing to and tpn S C^i[0, 1]; [0, 1]) s.t. 

f 1 [o,M 



Notice that the functions ip ~ y^n, ^ = Vn-i satisfy (j6.3p for all n € N. In particular. 



~ V?^) = 1 - "Pk^ Yi^i = '^fe' (1 ~ 'Pi )'f3 = if i < j. 



.26) 



Step 1. Iterative perturbation step 



Let us assume that, after n steps of the iteration there exist {(w,;,pi, solutions of (j2.ip on [0, 1] 

satisfying 



< ipidi min Ai_i 

[0,t.-i] 



\\vi - Wi-i||o = ||<<5jWi||o < <<5iA/^Ai_i 

Hp, -p,-i||o < ^?A/^A,_i, 



(8.27) 

(8.28) 
(8.29) 
(8.30) 



where 



\V^\', 



To 



T3 



12(27r)3[o,t._i] 



min Ai_i, 
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and 



Id-R.eMs, yte[0,U^i]. (8.31) 



3(27r)3 
In particular, 

Vi = Vi-i, p.i=p.i-i, Ri=Ri-i on[ti_i,l]. 

Since supp Lpn+i C [0,t„], wc can apply Proposition 12 . 21 to {vn,Pm Rn) with 5 = ^n+i, V' = '^n+i and 
get {vn+i,Pn+i,Rn+i) solutions of (|2.1|) on [0, 1] satisfying (j8.27|) - (j8.31|) with i^n + 1. 
Step 2. Convergence to a suhsolution Being 

^^mX[t„,t„_i] = WnX[t„,t„-i], PmX[t„,t„-i] =P"X[*„,t„-i], -RmX[t„ ,t„- 1] = ^nX[t„ ,t„_i] V TO > ??, G N, 

(8.32) 

(w„,p„, Rn) {v,p, R) in C°(T3 x (0, 1]; x M x ^o""^), where {v,p, R) solves the Euler-Rcynolds system 
([23]) and satisfies (gl]) on x (0, 1). 

To show full convergence on [0, 1] to a suhsolution, we have to prove 

+00 

> max x/A„_i < +oo. (8.33) 

Indeed, if holds, not only (t>„,p„,i?„) {v,p,R) in C°(T3 x [0,1]), but also R{Q) = and 

e(0) = /j,3 |w(0)p. Moreover, by amd dO?]), u also satisfies 

Set 

j - [<^?A,_i5,_i + (1 - ¥'-)A,_i]. 

Expanding (|8.27p for i n wc obtain 

A„ = (/?^(5„_iA„_i + (1 - (/3fjA„_i + ipnfn 

= </'^V«-l^n-l^n-2A„_2 + (pU^ - (/3^_i )(5„_i A„_2 + (1 - <^^)</3^_i(5„-2 A„_2 
+ (1 - - </'^-_l)A„_2 + (flipn-lSn^lfn-l + (1 - '/'^ )'/'n- 1 /n- 1 + <^n/n 

| |8.26| > 2c c A /-I '2\2c a /-i 2\a "^c r 

= (/3„d„-lO„-2A„_2 + (1 - (^„)<y5„_iO„_2A„_2 + (1 - (/3„_i)A„_2 + (/7;d„_i/„_i 

+ (1 - vl)'Pn-lfn-l + <y5„/„. 

Hence 

71—1 n— 1 'H — 1 

A„X[0,t„] = ^,i-l(5„-2A„_2 + (Jn-i/n-i + /„ = (H'^i) ^0 + X! (ll'^j)-^^ + 

j=0 i=l j=i 

which, by the choice of the Sn and (|8.27p . implies (|8.33p . 



□ 



Proof of Provosition [KM Let {vo,po,Ro) be a suhsolution and set Aq ~ g — J |woP- Let Sn — Sn+i for 
ah n e N U {0}. Let to = 1, 4, {4} as in Definition and ■i/'o = 0, £ CH[0, 1]) s.t. 



1 [t„-i,l] 
[0,t„] 



Notice that the functions ip — ■i/'n-i, V — i^n satisfy (j6.3p for all n e N. As a consequence, 

k k 

n(l-'Al) = l-^i, l[i^^ = ^k, (1 - = if i > J. (8.34) 



i—k i—k 



Observe that (wo,Po;^o) satisfies the assumptions of Proposition 18.61 on [01,02] — [ti,to] with 5 = 8^. 
Step 2. Iterative perturbation step 
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Let US assume that, after n steps, there exist solutions of (|2.ip on [0, 1] satisfying 



\v,\^- V'^,_iA,_i + (l-Vf)A,-i 



< -0j<5imin Ai_i 



\\vi - Vi-i||o < V'i^Y Aj-i 

- (1 - '(/'i^)i?j_i||o < XU,i>o}Vi5i 
||k-P._i||o < ijfM^A,., 



(8.35) 

(8.36) 

(8.37) 
(8.38) 
(8.39) 



with 



and 



minAi_i. 



3(27r) 



12(27r)3[t.,il 



ld-R^eM3, yte[t,+i,i] 



Observe that 



(8.40) 
(8.41) 



Vi = = p.j_i, i?j = Ri-i on [0,ii]. 

Thus we can apply Proposition 18.61 to (u,i,p„, Rn) on [ai, 02] = [tn+i, 1] with 5 = 5„+i, ip = "011+1 ^-nd 
get {vn+i,Pn+i, Rn+i) Satisfying (j8.35p - (|8.38p with i = n + 1. By Reniark[8?7](^^ri+i,Pn+i, ^?i+i) satisfies 
on [i„+i,l]. Since, by (ICTI) . (u„+i,p„+i, A„+i) = {vo,Pq,Ro) on [0,t„+i], then, by (EH, (lOH)) 
holds also on [tn+2,in+i]- 

Step 2. Convergence to a solution As in the proof of Proposition 18.41 we have to show that 

+00 

max J An-i < +00- (8.42) 

Set 

i^J, ■■= A. - [0f ^,-1 A,_i + (1 - V- )A,_i] . 

Expanding (j8.35p we get 

A„ = 02^„_iA„_i + (1 - 'lpl)An-l + VrJ« 

= V'nV'^-l'^ii-l'5n-2A„_2 + V'^(l - i )^„- 1 A„_2 + (1 - 0^)'0fi-l^n-2 A„_2 

+ (1 - V4)(l - ^Ll)A„-2 + i'l^pn^lSn-Jn-l + (1 " VD'/'n-l/r.-l + 

V'^-l^«-l^n-2A„_2 + 0^(1 - 0'^_i)(5„_iA„_2 + (1 - ^V^i)A„_2 + V'n-l'5„-l/„-l + 0„/„ 
n n— 1 71—1 71—1 

=(i-v,'jAo+ ^0,2(1 _^2_^)i^ ^^.) +^v.(n^^-)/^+^"/"- 

i— 1 J— 1 i— 1 j— ?' 

By (j8.2p on [t„+i,t„], and by the choice of and (j8.35|) we finally obtain (j8.42p . 

Hence, {vn,Pn,Rn) {v,p,R) in C°{T^ x [0,1]), with R = 0, v{0) = w„(0) = wo(0), total kinetic 
energy J = e and solving (jl.ll) . 



□ 
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